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The (local) invariant symplectic action functional A. is as- 
sociated to a Hamiltonian action of a compact connected Lie 
group G on a symplectic manifold {M,uj), endowed with a G- 
invariant Riemannian metric (•,-)a^- It is defined on the set 
of pairs of loops (x,^) : — »■ M X Lie G for which x satisfies 
some admissibility condition. I prove a sharp isoperimetric in- 
equality for A. if (•, •)m is induced by some w-compatible and 
G-invariant almost complex structure J, and, as an applica- 
tion, an optimal result about the decay at oo of symplectic 
vortices on the half-cylinder [0, oo) X S^. 



Contents 

1. Motivation and main results 1 

2. Invariant symplectic action 5 

2.1. Background 5 

2.2. Key Lemma 7 

2.3. Proof of the isoperimetric inequality 10 

3. Symplectic vortices 14 

3.1. Energy action identity and bound on energy density 14 

3.2. Proof of optimal decay 17 
Appendix A. Inequality for the holonomy of a connection 18 
References 20 



1. Motivation and main results 

Let (M, a;) be a symplectic manifold without boundary, and G be a compact 
connected Lie group with Lie algebra g. Suppose that G acts on M in 
a Hamiltonian way, with (equivariant) moment map n : M ^ q*. We 
denote by(-,-) :f|*X0^M the natural contraction. Furthermore, we 
fix a G-invariant metric {■,-)m on M, and denote by Lx and lx '■= 
inixex (-x > the corresponding norm of a vector v G TM and the injectivity 
radius of a point x € M and a subset X <Z M respectively. For a smooth 
loop X : ^ M oi length £{x) less than 2^^(51 ■) we denote by A{x) its 
(usual) symplectic action (see Section 2.1). We identify = R/Z and call 
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a loop X G C°°{S^,M) admissible iff there exists a gauge transformation 
g e C°°{S^, G) such that £{gx) < 2l^(^s1), and 

(1) A(gx)-A{gx)= {fxox,g~^g- g~^g)dt, 

Jo 

for every g G C°°{S'^, G) satisfying £{gx) < £{gx). 

Definition 1. Let {x, ^) G C°°{S^,M x q) be a pair of loops, such that x is 
admissible. We define the invariant (symplectic) action of (x,^) to be 

(2) A{x,0-=A{gx)+ [ {iiox,^-g-^g)dt, 

Jo 

where g G C°°{S^, G) is chosen as above. 

This is a modified version of the "local equivariant symplectic action 
functional" introduced by A. R. Gaio and D. A. Salamon in [GS]. More 
precisely, for a; G M we denote by L^; : 5 — > T^M the infinitesimal action 
of the Lie algebra on the tangent space to M at x. Furthermore, we fix a 
G-invariant inner product on g and denote |^| := yx^^Ogj for ^ G g. 

The induced operator norm on q* is denoted by | • |op- Gaio and Salamon 
define the action for pairs (a;,^) for which |//o a;|op and the twisted length 
i{x,^) := \x + Lx^\ dt are small.-*^ To formulate the first main result 
of this paper, we denote by M* C M the subset of all points on which G 
acts freely, and by Gx G M*/G the orbit of a point x G M* . For a loop 
a; : iS^ — > M* /G we denote by £{x) its length w.r.t. the Riemannian metric 
on M*/G induced by (•, •)m- Furthermore, for each subset X C M we define 

(3) mx:=M{\L^C\\xeX,^e0: \^\ = l}. 

For p e [1, 00] and smooth loops v : ^ TM and : ^ Q* we denote 
by and \\ip\\p the L^-norms w.r.t. the Haar measure on 5'"'", the metric 
(•, •)m and the norm | • |op on q*. 

Theorem 2 (Sharp isopcrimetric inequality). Assume that there exists a 
G-invariant to-compatible almost complex structure J such that (•,-)m = 
guj,j = '^(•5 J-)- Then for every compact subset K C M* and every constant 
c > there exists a constant S > with the following property. Suppose 

that X G C°°{S^ , K) is a loop satisfying i{Gx) < S. Then x is admissible, 
and for every loop ^ G C°°(S'^,g) and every number 1 < p < 2 we have 

(4) \Aix,0\<c\\x + L^^\\l-\-^\\i^ox\\']^. 



^There is a gap in that definition, since the imposed smallness conditions do actually 
not guarantee that the action of (x,^) is well-defined, see section 2.1. In that subsection 
a more direct way of fixing the gap is also mentioned. 
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This result generalizes the isoperimetric inequality for the usual action 
(cf. Theorem 4.4.1 in the book [MS] by D. McDufF and D. A. Salamon), 
which corresponds to the case of the trivial Lie group G := {1}. It is sharp 
in the sense that in general, the statement for c < l/(47r) is wrong. An 
example illustrating this is given by G := {1} and the plane M := 
with the standard symplectic and Riemannian structures loq and (•, •)o- The 
constant Tr/m^ is also optimal. To see this, consider 

M:=R^ u;:=Uo, (•, V := (•, •)o, K:={(2,0)}, 

and the action of G := = R/Z on by rotation, with moment map 

(5) /X : ^ Ue{S')* ^ R*, {n{x),0 := Tr^{l - \x\^) • 

Let C < 7r/m|. = l/(167r). Then the constant pair (x,^) := ((2,0), 3/8) 
violates inequality (4) with n/mj^ replaced by C, for every p, if we choose 
cG (l/(47r), l/(27r) -4C). 

The proof of Theorem 2 is based on the isoperimetric inequality for the 
usual symplectic action and on an estimate for the holonomy of a connection 
around a loop in terms of the curvature of the connection and the length of 
the loop. Note that Gaio and Salamon proved an isoperimetric inequality 
for their equivariant action, for p = 2 and a large constant, cf. Lemma 11.3 
in [GS]. 

To explain the application of Theorem 2, let J be a G-invariant and 
tj-compatible almost complex structure on M, (S, j) be a Riemann surface 
equipped with a compatible area form and let P be a principal G-bundle 
over S. The (symplectic) vortex equations for a pair {u, A) are given by 

^ ' \ Fa + {ho uPj: = 0. 

Here u is an equivariant map from P to M, and ^ is a connection one-form 
on P. Furthermore, dj^A{u) denotes the complex anti-linear part of dAU := 
du + LuA, which we think of as a one- form on E with values in the complex 
vector bundle u*TM/G — > S. Similarly, we view the curvature Fa of A as 
a two-form on S with values in the adjoint bundle Qp := (P x g)/G — ^ E. 
Finally, we identify g* with g via (■, •)g, and we view ^ o u as a section of 
Qp. The equations (6) were discovered, independently, on the one hand by 
K. Cieliebak, A. R. Gaio and D. A. Salamon [CGS], and on the other hand 
by I. Mundet i Riera [Mul], [Mu2]. 

We fix now a number a > and consider the case in which the Riemann 
surface is the half-cylinder E := |s -|- ii G C | s > 0}/aiZ, endowed with 
the standard complex structure j := i. We denote A := dg + and define 
m^-i(o) as in (3). We call an area form = }?ds A dt on T, admissible iff 

O-TT 

(7) A > — , sup (|d(A-i)|2 + A(A-2)) < 2mJ_.(o). 
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Consider the following hypothesis. 

(H) There exists a number e > such that the set {x G M | < e} is 

compact. Furthermore, G acts freely on /x~^(0). 

We fix a pair w := {u, A) where u is an equivariant map from P to M 
and ^ is a connection one-form on P. Recall that the energy density and 
energy of w are defined by 

(8) e^:=^(^\dAuf + \FA\'^ + \fiouf'^, E{w) := j^e^u^, 

with the norms taken w.r.t. the metrics ^^jej •= on S and Qi^^^j on 

M. The application of Theorem 2 is the following. 

Theorem 3 (Optimal decay for vortices on the half-cylinder). Assume that 
hypothesis (H) is satisfied. Let S he the half- cylinder, be an admissible 
area form on S, and p > 2. Assume that w := {u, A) is a locally W^'P- 
solution of the equations (6), such that E{w) < oo and the image of u has 
compact closure in M . Then for every e > there exists a constant C such 
that 

(9) e^(s + it) < CA-^e("^+^)^ Vs > 1, t G M/aZ. 

A consequence of (9) is that |(iyi^t|o decays as 5"+^)*'^ for every £ > 0. 
Here the point-wise norm | • |o is taken w.r.t. the standard metric ds^ + dt^ 
on S and the metric g^j on M. This generalizes a known decay result for 
pseudo-holomorphic maps, which corresponds to the case G = {1} (see for 
example chapter 4 in [MS]). In this case the result is optimal in the sense 

27r 

that \du\o does in general not decay faster than e S"*. To see this consider 
M := CP^ with the Fubini-Studi form, and let u : T, ^ CP^ ^ C U {oo} be 
defined by u{z) := e~^. On the other hand in some special examples the 
energy density decays faster than stated in Theorem 3, see for example 
the book [JT] by Jaffe and Taubes. The overall strategy for the proof of 
Theorem 3 is taken from the proof of Proposition 11.1 in [GS]. The proof 
relies on an identity relating the energy of a vortex on a compact cylinder 
with the actions of its end- loops, and on the isoperimetric inequality of 
Theorem 2. The next result is an immediate consequence of Theorem 3, 
setting a := 27r and applying the change of coordinates ^■ea^GC. 

Corollary 4 (Optimal decay for vortices on the complex plane). Assume 
that hypothesis (H) is satisfied, that S = C, and that lo-e is the standard 
area form on C Let p > 2 and w := {u, A) be a locally W^'^ -solution of 
the equations (6) such that E{w) < oo and u{P) C M has compact closure. 
Then for every e > there exists a constant C such that 

e^(z) < C7|z|-^+^ VzgC\Si. 
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2. Invariant symplectic action 

2.1. Background. Let (M, w) be a symplectic manifold without boundary. 
We fix a Riemannian metric (•,-)m on M, and denote by d, exp, \v\,Lx > 
and tx '■= inixex '-a: > the distance function, the exponential map, the 
norm of a vector v G TM, and the injectivity radii of a point x & M and 
a subset X C M respectively. We define the symplectic action of a loop 
x: ^ M of length £{x) < 2^3.(51) to be 

(10) A{x) := - / u*uj. 

Jo 

Here B C denotes the (closed) unit disk, and u : B — M is any smooth 

map such that 

(11) uie^""'^) = x{t), \/t e M/Z ^ S^, d{u{z),u{z')) < ^^(51), Vz, z' G B. 

Lemma 5. The action A{x) is well-defined, i.e. a map u as above exists, 
and A{x) does not depend on the choice of u. 

Proof. The lemma follows from an elementary argument, using the expo- 
nential map exp^(o+2) : Tx{o+i)M M. □ 

Let now M, u;, G, g, /i and (•, ■)m be as in Section 1, and assume that (•, •)m 
is G-invariant. The invariant action functional (also denoted by A) 

A : {{x,£) e C°°{S^ ,M X q)\x admissible} ^ M 

is now defined as in Definition 1. Note that if x is admissible then A{x,S,) 
is well-defined, i.e. the required gauge transformation g exists and the right 
hand side of (2) does not depend on the choice of g. The functional A is 
invariant under the action of the gauge group C°°{S^ , G) on C°°{S^ ,M x g) 
given by g*{x,^) := {gx,{g£, — g)g~^). To understand the definition of 
A{x,^) better, note that if both the lenghts i{x) and l{gx) are small then 
the term — /J o x, g'^g) dt in (2) compensates the effect of taking A{gx) 
rather than A{x). This is made precise in Lemma 8 (ii) below. 

Example. Consider M := endowed with the standard symplectic 
and Riemannian structures, and the action of the circle G := S*^ = M/Z by 
rotation, with moment map /x as in (5). Then every x G C°°(S'^,M^ \ {0}) 
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is admissible, and the constant loop x := is inadmissible. If |x| = r > 
and e = then A{x, = 7r(l - r^) deg {x/\x\ : ^ S^). 

The functional ^ is a modified version of a functional introduced by Gaio 
and Salamon in [GS] (page 74). Their definition is based on the following 
lemma. Here for 99 G g* we denote by \ip\ the norm of if w.r.t. the inner 
product on g* induced by (•,-)g. Recall that : & ^ T^M denotes the 
infinitesimal action at a; G M. 

Lemma 6 (Lemma 11.2 in [GS]). Assume that /i is proper and that G acts 
freely on /Lt~^(0). Then there are positive constants 5 and c such that the 
following holds. If x : ^ M and ^ : ^ Q are smooth loops such 
that maxgi |/U o x| < 5, then there is a point xq G //"■'^(O) and a smooth loop 
g : G such that 

(12) max 1^ + 55-1 1 <c^(x,0, d{x{t),g{t)xo) < c{\ixo x{t)\+ i{x,0), 

where £{x,^) := \x + Lx£,\ dt denotes the twisted length of (x,^). 

Let 5 and c be as in Lemma 6, and suppose that 2c5 < lm- Assume that 
(x,^) G C°°(5^,M) is a loop such that max^i |/x o a;| < 5 and ^(x,^) < 6. 
Then Gaio and Salamon define 

(13) A{x, 0-=- f + C </^(^(i)), m) dt. 

J[0,l]x5i JQ 

Here n : [0, 1] x S*-*^ ^ M is defined by u{s,t) := exp^j-^-j^^^ sv{t), where xq 
and g are as in Lemma 6, and v{t) G Tg^^^^^M is the unique small tangent 
vector such that x{t) = exp^^^^^.^^ v{t). Under the choices of S and c above 
this expression may actually depend on the choice of xq and g, as an explicit 
example based on the S^-action on M? by rotation shows. One can overcome 
this difficulty by proving that S can be shrunk such that the following is 
satisfied. Namely, let x and ^ be as in the hypothesis of Lemma 6, (xo,^) 
be as in the statement, (xq,(/') be another such pair, and let u and u' be 
the corresponding maps defined as above. Then the triples {xo,g,u) and 
{xQ,g',u') are smoothly homotopic. One should also replace the injectivity 
radius lm by '-^-i(o), since the former may be 0. Note that after these 
modifications the expression A{x, $,) may depend on the pair (S, c) (assuming 
that it is well-defined). 

Remark 7. Heuristically, the two expression (2) and (13) for ^(x,^) should 
be the same, provided that £{x, ^) + max^i o x| is small enough. The idea 
how to see this is to choose xq and g as in Lemma 6. Then by the second 
inequality in (12) the gauge transformed loop x' := g~^x is close to the 
point Xq. We define g : [0,1] x ^ G by g{s,t) := g(t)~^. Let u be as 
in the definition (13) of A{x,^). Then the image of the map u' := gu : 
[0, 1] X ^ M lies inside a small ball around xq. Since u' maps the left 
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part of the boundary of [0, 1] x to the point xq, it induces a map from 
the disk ID) to M, whose restriction to the boundary circle agrees with x'. It 
foUows that 

(U) A{x') = - [ u'*uj = - [ u*u+ I d{iiou,g-^dg), 

^[0,11x51 J[0,l]x5i J[0,l]x5i 

where in the second equahty we used Lemma 9 below. By Stokes' Theorem, 
the second term on the right hand side equals 

J^^{nou,g~^dg)\^^^- J^^{liou,g~^dg)\^^^^ = o x, 5^(5"^)^ dt-0. 

Here we used the fact that u{0,t) = g{t)xo G /x~^(0). Combining this 
equality with (14), it follows that the right hand side of (2) with g replaced 
by g~^ equals the right hand side of (13). The problem with this "proof" is 
that it is not clear how small i{x,^) + max^i |/x o x\ has to be in order for 
the arguments to work. 

2.2. Key Lemma. Let M,u!,G, fi, {■, ■)m , M* ,£ and ^ be as in Section 1. 

We denote by 

(15) Fv.TM {{x, L^i) I X G M, ^ G 0} C TM 

the fiber-wise orthogonal projection to the image of the infinitesimal action. 

Lemma 8 (Key Lemma). For every compact subset K C M* the following 

statements hold. 

(i) There exist constants 6 > and C with the following property. If 
s- < s+ are real numbers and u G C°°([s_,s+] x S^,K^ is a map 
satisfying i{Gu{s, •)) < 5 for every s G [s_,s+] then there exists a map 
g G C°°([s_,s+] X S^,G) such that 

(16) \FTdt{gu){s,t)\ < Cl{Gu{s,-)f, V(s,t) G [s_,s+] x S\ 

(a) There exists a number < e < 2lk such that for every pair {x,g) G 
C°°{S^,Kx G) we have 

(17) £(x) < e, e{gx)<e =^ A{gx) - A{x) = [ {/j o x,g'^g) dt. 

Jo 

The following lemma is used in the proof of part (ii) of Lemma 8. 

Lemma 9. Let (M, w) be a symplectic manifold, G a connected Lie group 
acting on M in a Hamiltonian way, with moment map fi : M ^ q* , X a 
manifold, and u G C°°(X, M) and g G C°°(X, G) be maps. Then 

{gu)*LO = u*ui — d(^fi o u, g~^dg). 
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Proof. Let M, cu, G, ji, X, u and g be as in the hypothesis. Then 

{guYuj 

= Lo(^gdu-, gdu ■ ) + uj{{dg-)u, {dg-)u) + uj[{dg-)u, gdu ■ ) + uj(^gdu-, {dg-)u) 
= u*LJ + u[Lug~^dg-,Lug~^dg ■ ) + uj(Lug~^dg-,du ■ ) + cj[du-, L^g^^dg ■ ) 
= u*oj + ^(/i o u, [g~^dg A g~^dg] ) — {^dii{u)du A g~^dg) 
= u*uj — d(fio u, g^^dgY 

Here we used the notation rjx := Lgx{r]g~^), gv := ^|j^Q(77(t) G Tg^M, for 
X e M, g e G, T] G TgG and v G T^M, where 7 G (7°°(M,M) is a curve 
satisfying 7(0) = x, 7(0) = v. Furthermore, u!(^{dg-)u,{dg-)u) denotes the 
two-form TX x TX 3 (C, CO '^(('^S' C)^; (^^5 C')'") > ^^^d similarly for the 
other expressions. This proves Lemma 9. □ 

Proof of Lemma 8. Let K C M* be a compact subset. We may assume 
w.l.o.g. that M = M* and K is G-invariant. Wc fix an ad- invariant inner 
product (•,-)fl on g, and denote by d'^ and i*^ the corresponding distance 
function on G and injectivity radius of G. 

We prove (i). Consider the compact subset in the quotient K := K/G C 
M/G. We choose an open neighborhood X C M/G of K with compact 
closure, and we equip it with the Riemannian metric induced by (•, •)m- We 
denote by P C M the pre-image of X under the canonical projection M 
M/G. This is a principal G-bundle with right-action given by P x G ^ P, 
{x,g) i-^ g~^x. Applying Proposition 16 of appendix A with K replaced by 
K C X there exists a constant C such that the conclusion of this proposition 
holds. We define the connection one-form A on P by 

(18) A,v := {LIL,)-^ Llv e g, 

for x G P and v G T^P. Here L* : T^P Q denotes the adjoint map 
to Lx w.r.t. the metric on P and the inner product (•, •) on q. It follows 
from the assumption M = M* that Lx is injective, hence A is well-defined. 
We choose 5 > less than the injectivity radius of the subset X in X and 
such that C| |Pa| |l°°(x)<^^ < Let s_, and u be as in the hypothesis of 
part (i). We choose a smooth t-horizontal lift u : x M ^ X of the 

map Gu : s+] x 5^ — > K. This means that Gu(s, t) = Gu{s, t + Z) and 
Adtu = 0. We fix s G [s_, s+], and define x := : M — >■ K by x{t) := 'u{s, t), 
and h := hg £ G hy the equation x(l) =: hx{0). It follows that h is the 
holonomy of A around the loop Gu{s, ■) with base point 5;(0). Thus by the 
assertion of Proposition 16 and the inequality C||Pa||l°°(x)^^ < '-'^ we have 

(19) dG(l,/i) < C\\Fa\\l^^xAGu{s,-)? < t"". 
Hence there exists a unique element C & Q satisfying 

(20) expC = ^, \^\=d''{l,h). 
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We define the map /i := /i^ : M ^ G by h{t) := exp(— i^), and the map 
g '■=gs : M — G by the equation 

(21) {ghx){t) =u{s,t + Z). 
Claim 1. We have g{t + 1) = g{t). 

Proof of Claim 1. By (21) and the equation x(l) = hx{0) we have ^(0) = 
^(1). We show that the maps g and t ^ g{t + 1) satisfy the same ordinary 
differential equation: Using (21) again, we get 

(22) Adtu{s, ■ + Z) = A (phx - g(hx + gh^) =gg-'- g^T^ + 0. 

Here we used the notation of the proof of Lemma 9. Furthermore, in the 
second step we used the fact Adtu = 0. A similar calculation shows that 
Adtu{s, • + Z) = {^g~^ — g^g~^) (• + 1). Combining this with (22) we obtain 
Claim 1. 

Using Claim 1 we may define the map g : s_|_] x 5^ — >■ G by g{s, t + 
Z) := gs{t)~^. Fixing s G [s_,s+], equation (21) and the facts Pr^; = L^A^ 
(for X e P) and Ax = imply that 

FTdt{gu)(s, • + Z) = Pr ( - (hx + hx) = 

Defining C := max. {\Lxr]\ \ x e P, rj e Q : < l}, we get 

\Prdtigu){s,t + Z)\ < C%\ = C'(Pil,hs) < C'C\\FA\\L^^x)KGu{s,-)f. 

Here in the second step we used the second identity in (20), and in the third 
step we used (19). This completes the proof of statement (i). 
We prove (ii). We define 

Ci := max{|L^C||xGM: d(x,K)<iK/4, ^Gg: |e|<l}, 
dG{l,g) 



(23) C2 := sup 



l^geG, xeK 



d{x,gx) 

and we choose a positive number e satisfying 

Since G and K are compact and by assumption G acts freely on M, it 
follows that C2 < 00. Let {x,g) G C°°(S^,K x G) be a pair of loops 
satisfying £{x) < e and £{gx) < e. By replacing x and g by ^(0 + Z)x and 
g ■ g{0 + Z)~^, we may assume w.l.o.g. that ^(0 + Z) = 1. We fix a point 
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t G M/Z. Then 

< C2d{x{t),{gx){t)) 

< C2(d{xit),xi0 + Z))+d{igx)i0 + Z),{gx){t))) 

< ^{i{x)+e{gx)) 

(25) < Cae < l^. 

Hence there exists a unique element (,o{t) G S^g ^ q such that 

(26) expeo(i) = g{t), Mt)\ = d^{l,g{t)). 

Since £{x) < e < there exists a smooth map u : ED ^ i?^^/4(a;(0 + Z)) C 
M such that u(e^'^**) = a;(i) for every i € M/Z. We choose a smooth function 
p : [0, 1] [0, 1] that vanishes in a neighborhood of 0, and equals 1 in a 
neighborhood of 1, and we define /i : B ^ G by /i(re^'^**) := exp (p(r)^o(i))- 
Furthermore, we define : B — M by u'{z) := h{z)u{z). 

Claim 2. PFe have A{gx) = — Jjj^u'*u!. 

Proof of Claim 2. Using (26) and n(e^'^**) = x{t), we have 'u'(e^'^**) = 
g{t)x{t), for t G M/Z. Furthermore, we fix r G [0, 1] and t G IR, and define 
the path 7 : [0, 1] ^ M by 7(A) := exp {Xp{r)^o{t))u{re^'''^). Then 

d(tx(re2'^^*),«'(re2'^^*)) < ^(7) < Ci\Ut)\ = Cid^{l,g{t)) < CiCse < 

where in the third step we used (26), in the fourth step (25), and in the last 
step (24). Since n'(l) = n(l), it follows that 

d{u'{l),u'{z)) < d{u{l),u{z)) +d{u{z),u'{z)) < lk/2, 

for 2; G B. Hence d{u' (z) , u' {z')) < lk, for z,z' G B. Claim 2 follows now 
from the definition of A{gx). 

By Claim 2 and Lemma 9, we get 

A{gx) = / ( — u*Lo + d(^fj,o u,h~^dh)] = A{x) + / {^po u,h~^dh). 

Jo ^ ^ JdO 

Here the second step follows from (10), which holds since u satisfies (11). 
The equality stated in (17) follows now from the fact h{e'^''^*) = g{t). This 
proves part (ii) and completes the proof of Lemma 8. □ 

2.3. Proof of the isoperimetric inequality. Given a pair of loops {x, ^) G 

C°°{S^, K xq), the idea of the proof of Theorem 2 is to gauge transform x to 
a short loop x' . This is possible by the Key Lemma, under the assumption 
that the loop Gx : — M*/G is short. The equivariant isoperimetric in- 
equality then follows from the isoperimetric inequality for the case G = {1}. 
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Proof of Theorem 2. Let J be a G- invariant w-compatible almost complex 
structure on M such that g^^^j = (•, •)m- The subset M* C M of all points 
on which G acts freely is open. Hence wc may assume w.l.o.g. that the 
action of G on M is free. Let K C. M he & compact subset and c > ^ be a 
constant. By replacing K by the compact set GK we may assume that K is 
G-invariant. Wc choose a constant cq G (^;c). Applying Theorem 4.4.1 of 
[MS] (isoperimctric inequality for the usual action) with c replaced by cq, 
there exists a constant < 6o < lk such that 

(27) A{x) < coiixf, 

for every loop x € C°°{S^,K) of length i{x) < Sq. (Strictly speaking, in 
Theorem 4.4.1 in [MS] it is assumed that M is compact. However, the proof 
of this theorem carries over to the present situation.) Moreover, let 6i and 
Ci be constants as in Lemma 8(i) corresponding to S and C, and let £ be as 
in part (ii) of that lemma. We choose S > such that 

(28) 5<min||,5i,|,i-|, (^1 + C^S + ^(1 + 2Ci(5)Ci5)' < ^. 

Let X G C°°{S^,K) be a loop such that £{Gx) < 6. By the assertion of 
Lemma 8(i) there is a loop g G C°°{S^, G) such that 



(29) 



Pr|(5x) 



< Cii{Gx) 



We define x' := gx. It follows that 

(30) e{x') < ||(id-Pr)x'||^ + |lPri;'|li < e{Gx) + CiliGxf < 6 + 5, 
where in the third step we used the fact that S < C^^. 
Claim 1. The loop x is admissible. 

Proof of Claim 1. By (30) and the inequalities 2S < e < 2lk < 2ia;(5i) the 
condition £{x') < 2L^(^gi^ is satisfied. Let now g G C°°{S^,G) be a loop such 
that, setting x := gx, we have i(x) < l{x'). Applying Lemma 8(ii) with x,g 
replaced by x',gg~^, we get 

A{x)-A{x')=J (^fiox',gg~^-^{gg~'^)^ dt = J {fi o x,g~^g - g~^g) dt. 

Hence condition (1) is satisfied. This proves Claim 1. 
Let ^ G C~(S'\fl) be a loop, and j9 G [1,2]. 



Claim 2. The isoperimetric inequality (4) holds. 
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Proof of Claim 2. We define := (5^ - g)g-^ and p' ■= ^ G [2, 00]. By 
(30) and (28) we have £{x') < 60, hence by (27) with x replaced by x' , 



\A{x',a\ < \A{x')\ + 



f\fiox',Odt 
Jo 



(31) 



< coe{x'f + \\^'\\p\\fiox'\\p, 

< co(||i'||^ + ||L,,^'||2) + ^||^ox'||^,. 



m 



K 



Here the constant mx appearing in the third step is defined as in (3) with 
X := K, and in the fourth step we used the definition of rriK and the fact 
that Co > ^. 



Claim 3. The inequality ||i;'||p + < ^| 1^:' + -Li'^'l |p holds. 

Proof of Claim 3. Since p < 2, the map || • || : ^ M, | 

(^v^^^ + V2^^^ is a norm. Hence, defining / := {\x'\^, l-L^'^'P) '■ 
we obtain 



. TD>2 



i'\\l + \\LAX 



/||2 



51 



fdt 



< 



< 



51 



WfWdt 



(32) 

Furthermore, wc have 
\9u:,j{x',L^'C')\ 

(33) 



x' + L,,^f-2g^,j{x',L,,^') 



= \guj,j{PTx',-Frx+x+L^>(,')\ 
< \Fvx'\^ + \g^,j{PTx',i' + L^>C')\ 

2 



2CiS 



< [l + ,^]\PTxf + ^\x' + L^>Cf, 



where in the last step we used Young's inequality. Moreover, inequality (29) 

and the fact i{Gx) < S imply that 

(34) iPri'l < CiliGxf < Ci5\\x' + L^^^'\\^ < Cid\\x' + L^'^'\\^ . 
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We define ci := VTTC^ and C2 := + 2Cid)Cid. Combining (33) and 

(34) , we obtain 

\x' + L^^ef - 2g^,j{x',L^,C') < cl\x' + L^.^f + ci| |x' + L^'^'l |p- 
Combining this with (32), we get 

+ ||L^,^'||2 < ci\x' + L^,^'\+C2\\x' + L^,^'\ 

< {{Cl+C2)\\x' + L,r^'\lf 

< ^||i' + L,,Cl|'- 

Co" 

Here in the second step we used Minkowski's inequality and the fact that 
the Haar measure of is 1. Furtliermore, in tlie last step we used (28). 
This proves Claim 3. 

Claim 2 follows from (31), Claim 3 and the equalities 

A{x,$,) = A{x',^'), \x' + L^>^'\ = \x + L^^\, \fiox'\ = \fiox\. 

This completes the proof of Theorem 2. □ 

Remark 10. There is an alternative approach to the isoperimetric in- 
equality for p = 2. Namely, as pointed out to me by Urs Prauenfelder, 
we may interpret the invariant action as a Morse- Bott function /, defined 
on the infinite dimensional space X of gauge equivalence classes of loops 
(a;,^) G C°°{S^ , M* x g), for which x is admissible. Assuming that hy- 
pothesis (H) above is satisfied, the set Crit / of critical points of / can be 
identified with the symplectic quotient via the map 

fi~\0)/G 3Gx^ [x,0] G Crit/, 

where [a:;,0] denotes the equivalence class of the constant map {x,0). Since 
Crit / C /~^(0), heuristically, for every constant 

c > (2 min {|A| | A eigenvalue of H^{p), p G Crit /}) ^ 
there exists a neighborhood U of Crit / such that for every p e U we have 

(35) |/(p)|<c|V/(p)p. 

Here we fix a Riemannian metric {•,-)x on X, and denote by |V/(p)| the 
corresponding norm of the gradient of / at a point p = [x,$] G X, and 
by Hj-[p) the Hessian of / at p. Choosing a suitable metric {■,-)x, the 
isoperimetric inequality (4) with p := 2 can be derived from (35). 
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3. Symplectic vortices 

3.1. Energy action identity and bound on energy density. Let M, w, 

G,g, (•, •)g, /X and J be as in Section 1, a > be a number, and S := [s + it G 
C|s > 0}/aiZ be the half-cyhnder, equipped with an z-compatible area 
form ujy. = y?ds A dt. In this and the next subsection wc identify q* with 
via (•, •)g. Furthermore, ah norms of vectors in TM etc. are w.r.t. the 
metric y^^^j. Let P — >^ S be a principal G-bundle. Since by assumption 
G is connected the bundle P is trivial. Hence for the proof of Theorem 
3 it suffices to consider the case P = S x G. In this case, an equivariant 
map from P to M corresponds in a bijective way to a map « : S — > M. 
Furthermore, a connection one-form A on P bijectively corresponds to a 
pair of maps * : S — >^ g, via the formula 

(36) ^(.,3)(Ci,C2,50 =C + 5~'(Ci*(^) + C2*(2;))5, 

for {z, g) £ P and (Ci + iC2, ffO £ T(z,g)P = C x g ■ q. The equations (6) are 
equivalent to the A-vortex equations 

/o7^ / 5,u + L„$ + J(9tu + L„*) = 

^ ' \ (53^-9t$ + [$,*]) +AVo^i = 0. 

For simplicity, we restrict now to the case a = 1, and we identify 
S^^R/Z, S = (s + zt G C| s > 0}/iZ X 

Given an open subset U C T, and a number p > 2 the energy density and 
the energy of a solution w := {u, ^f) G Wjq^(C/, M x g x g) of the equations 

(37) , w.r.t. the standard metric ds^ + dt^ on E, are given by 

(38) eu, = \dsU + Lu^f + X'^llJ, o , E{w,U) = / e^dsAdt. 

Ju 

Proposition 11 (Energy action identity). For every compact subset K C 
M* there exists a constant 6 > with the following property. Let s_ < s+ 

be numbers, S := [s_,s+] x be the compact cylinder, A G C°°(S, (0,oo)) 
be a function, and w := {u, <I>, ^') G C°^(S, K x g x g) be a solution of the 
equations (37) satisfying i(Gu{s,-)) < 6 for every s G [s_,s+]. Then the 
loops u{s-, ■) and u{s-^, ■) are admissible, and 

(39) E{w,^) = -A{{u,^)is+,-)) +^((u, *)(«_,•)) . 

For the proof of Proposition 11 we need the following lemma. Recall that 
by > we denote the injectivity radius of a point x G M. 

Lemma 12. Let s_ < s+ be numbers, E := [.s_,.s+] x be the com- 
pact cylinder, A G C°° (E, (0, oo)) be a function, and let w := (ti, ^') G 
C°°(E,M X g X g) be a solution of the equations (37), satisfying 

(40) e{u{s, •)) < 2 inf Vs G [s-,s+]. 
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Then 

E{w,^) = -A{u{s+,-))+A{{u{s.,-)) 

(41) +^ (-</xon,*>|(^^^^) + </xon,*>|(^_^^))di. 

Proof of Lemma 12. As in the proof of Proposition 3.1 in [CGS] we have 

Cu, = L^idsU, dtu) - dsifj. o u, + dtifi o u, 

The lemma follows by integrating this over S and using the energy action 
identity for the usual action. □ 

Proof of Proposition 11. Let K C M* be a compact subset. We fix con- 
stants 6, C, £ as in Lemma 8, such that 

(42) + 6 <e < 2iK = 2 inf i^. 

xeK 

Let s_ < A and w := (u, <I>, ^') be as in the hypothesis of Proposition 11. 
By the assertion of Lemma 8(i) there exists a map g G C°°([s_, s+] x 5^, G) 
such that inequality (16) holds, where the projection Pr is defined as in (15). 
Hence fixing s G s+], we may estimate 

l{{gu){s,-)) < [' \Frdt{gu){s,t)\dt+ [' \{id-Pv)dt{gu){s,t)\dt 
Jo Jo 

< Ci{Guis,-)f +l{Gu{s,-)) 

(43) < C5^ + d. 

Combining this with (42) we get £(^{gu){s,-)'j < 2iK < 2infjg5i iu(s,t)- Fur- 
thermore, let C°°(S'^,G) be a loop such that ^(^^(s,-)) < l{{^gu){s ^ ■)) . 
Since i{u{s,-)) < 5 < e, Lemma 8(ii) implies that equality (1) holds with 
X and g replaced by ?i(s, •) and g{s,-). It follows that u{s,-) is admissible. 
The equality (39) follows now from Lemma 12 with w replaced by the gauge 
transformed map ^^w. This proves Proposition 11. □ 

Lemma 13 (Point-wise bound on c-u;). Assume that hypothesis (H) of Sec- 
tion 1 holds. Let Il = {s + it^C\s> 0}/iZ be the half- cylinder, = 
X^ds A dt be an area form on T, that satisfies the second inequality in (7 ), 

and let w := (n, ^) be a smooth solution of the equations (37) on E of 
finite energy E{w,Ti), such that u(S) M is compact. Then there exists a 
number sq > ^ such that for z £ ([sq, oo) -|- iM) /iZ we have 

32 

ev,{z) < —E(w,Bi_{z)). 

The proof of Lemma 13 uses the following two lemmas. For r > we denote 
by Bj. C the open ball of radius r around 0. 
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Lemma 14 (Mean value). Let r > 0, C > and f e C^{Br,R). 

If f>o,Af>-cf\Jj<^ ^ m)<^,Jj. 

Proof of Lemma 14. This is Lemma 4.3.2. in [MS]. □ 

Recall the definition (3) of mx- For 6 > we denote by 5^ C g the closed 
ball of radius S around the origin. 

Lemma 15. Assume that hypothesis (H) holds. Then for every c < m^-i(o) 
there exists a number S > such that G acts freely on ^"^{3$), and 

Proof. This follows from an elementary argument involving the sequence 
:= [By^) C M, for G N. □ 

Proof of Lemma 13. Let S, = A^ds A dt and w be as in the hypothesis. 

Claim 1. There exists a constant C such that Ae-w > — Ce^. 

Proof of Claim 1. We abbreviate Vg := dgU + and vt := dfU + Lu^, 
and define 

/ := 2X^\Lu^iou\'^ + 4X'^\Llvs\'^ + 4:X^\Llvt\'^ 

II := Qdt{\^){^iou,Llvs)-Qds{\^){^iou,Llvt)+A{\^)\nou\\ 

Let a > 0. Then it follows from formula (90) on page 63 in the article [GS] 
by R. Gaio and D. A. Salamon, with e := 1, that there exists a constant 
6 > (depending on the compact set n(S) C M) such that 

(44) III := Ae^ - I - II > -aX^\ii o - b\vg\'^. 

We define C := sup^ (|(i(A~^)p + A(A"^)). Then by the second condition 
in (7) we may choose a constant c < m^-i(o) such that C < 2(? . We set 
a := 2(? — C and choose a constant h as above. By Young's inequality with 
exponent 2, we have 

«o.,2x/ r* \ ^ ^{dt{\^)\ii o u\f 2|r* |2 
6dt{X ){tJ,ou,L^Vs) > ^ '—-4:X\L^Vs\ 

(45) = -9{dtXf\iiouf-4X^\Llvs\^ 

(46) -6ds{X'^){nou,LlJvs) > ... = -9{dsXf\nou\'^ - AX^lLlJv, 
Furthermore, a short calcTilation shows that 

-9|dA|2 + A(A2) = -X'^{\d{X-^)f + A(A-2)) > -CX\ 
Combining the estimates (44), (45) and (46), we get 



2 

s| ■ 



(47) Ae^ > 2X'^{-c^\nouf + \LuHouf) - be: 



w 
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We fix a number 5 > as in Lemma 15, depending on c. Let z G S be 
a point. If \fi o u{z)\ < S then inequahty (47) imphes Aeyj{z) > —be^{z). 
Suppose now that |/x o u{z)\ > 5. Then inequahty (47) imphes that 

AeUz) > -2cH-^X%ouiz)\^ - bei{z) > -C'ei{z), 

where C := 20^5''^ +b. This proves Claim 1. Lemma 13 follows from Claim 
1 and Lemma 14. □ 

3.2. Proof of optimal decay. 

Proof of Theorem 3. Assume that the hypothesis (H) of Section 1 is satis- 
fied. Let E, and w be as in the hypothesis of Theorem 3. We may assume 
w.l.o.g. that a = 1, i.e. identifying = M/Z, 

S = {s + G C I s > 0}/iZ ^ [0, oo) X 5^ 

A standard argument as in the proof of Proposition D.2 in [Zi] shows that 
w is gauge equivalent to a smooth vortex, via a locally VF^'^-gauge transfor- 
mation defined on (0, oo) x S^. (Sec also [CGMS].) Hence we may assume 
w.l.o.g. that w is smooth. We define the function E : [0, oo) — > M by 
E{s) := E{w, [s, oo) x S^) . Let £ > 0. 

Claim 1. There exists a number sq > 1 such that for every s > sq we have 
(48) ^^^^^ - ~ £)Eis). 

Proof of Claim 1. By the discussion at the beginning of Subsection 3.1 
we may assume w.l.o.g. that P = S x G is the trivial bundle, and we may 
view u as a map from S to M. Furthermore, we define ($, ^') : S — g 
by formula (36). It follows from hypothesis (H) and Lemma 15 that there 
exists a number (5o > such that K := ix~^{B^f^) is compact, G acts freely 
on K, and 



/47r-e 

(49) m := m^-i^SsJ ^ ]/ -^^i^-Ho)^ 

where mx is as in (3), for X C M. We fix a number J > as in Theorem 
2 (Sharp isoperimetric inequality), corresponding to the set K := ^^"^{Bsq) 
and the constant c := . Shrinking 5 we may assume that it also satisfies 
the condition of Proposition 11 (Energy action identity) with the same K. 
Using the first inequality in (7) with a = 1, Lemma 13 implies that there 
exists a number so > such that for s> sq 

u{s,t)eK,WteS^, e{Gu{s,-))< I \dtu + L^%{s,t)dt <5. 

Jo 

Hence by the assertion of Theorem 2 with p := 2, we have for s > sq, 

(50) K(^,*)(s,.))|<^||(5t« + L„*)(s,.)||^ + ^||Mo^(s,.)||2- 
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We fix two numbers s' > s > sq. By the assertion of Proposition 11 the 
loops u{s, •) and u{s', •) are admissible, and 

(51) E{w, [s, s'] X S') = -A{{u, •)) + A{{u, •)) ■ 

It follows from inequality (50), the first inequality in (7) and Lemma 13 

that |^((m, ^')(s', ■)) I 0, as s' oo. Combining this with equality (51), 
inequalities (50) and (49), and the fact |<^|op < l^'l, for if G g*, we get 

E{s) = E{w, [s, oo) X S^) 




47^2 

< -jz- — / { \dtu + Lu-^f + — \fiou\ 

"^,.-1(0) 

»i 

< --r— — -r I I eu,{s,t)dtds 



dt 

{s,t) 





JPf.\ 

A-K — eds 

Here in the fourth step we used the first inequality in (7) with a = 1 and 
the definition (38) of e^j,. Claim 1 follows from this. 

By Claim 1 the derivative of the function [so,oo) 3 s ^ E{s)e^^'^''^^^ 
is non-positive, and hence this function is non-increasing. Combining this 
with Lemma 13, and recalling the definitions (8) and (38) of and Cu,, it 
follows that there exists a constant C such that inequality (9) holds. This 
completes the proof of Theorem 3. □ 

Appendix A. Inequality for the holonomy of a connection 

Let G be a compact Lie group, X he a (smooth) manifold without boundary, 
TT : P — > X be a (smooth) principal G-bundle over X, x € C°°{S^,X) be a 
loop, and let po £ 7r"i(x(0 + Z)). Here we identify = R/Z. We denote by 
A{P) the space of (smooth) connection one-forms on P, and fix A G A{P). 
Recall that the holonomy h £ G of A around the loop x, with base point pQ, 
is defined by the condition p{l) = poh, where p G C°°([0, 1], P) is the unique 
horizontal lift of x starting at the point po- This means that App = and 
p{0) = Po. We choose a Riemannian metric gx on X and a distance function 
d on G that is induced by some Riemannian metric (•, •)g on G. 

Proposition 16. Let G, d, X, gx and P be as above, and let K C X be 
a compact subset. Then there exists a constant C satisfying the following 
condition. If A £ A{P), x G C°°{S^,K) is a loop of length i{x) less than the 

injectivity radius lk of K in X, and p^ G Ti~^{x{Q + 'L)), then the holonomy 
h G G of A around x, with base point po, satisfies the inequality 

(52) d{l,h)<C\\FA\\Loo^x)^{x)\ 
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Proof of Proposition 16. Let G,d, P, X, gx and K be as in the hypothesis. 
Since G is compact, we may assume w.l.o.g. that (•,-)g is induced by an 
invariant inner product on g. Let A G A.{P), x G C°°{S^ , K) be a loop of 
length less than lk, and let po G 7r-^(a;(0 + Z)). For t G M/Z = we define 
v{t) G TxqX to be the unique vector such that 

(53) exp,^,i;(t) =x(t), \\v{t)\\ < lk/^. 

We define u : [0, 1] x [0, 1] ^ X hy u{s,t) := exp^.^^ sv{t). There exists a 
unique smooth map p : [0, 1] x [0, 1] — P satisfying 

(54) Trop = u, p(0,t) =po, Vt G [0,1], A{dsp) = 0. 

We define ^' := A{dtp) : [0, 1] x [0, 1] ^ Let 5 : [0, 1] ^ G be the unique 
smooth solution of the ordinary differential equation 

(55) 5 = -*(!, 05, 5(0) = 1. 

Inequality (52) will now be a consequence of the following two claims. The 
proof of the first one is straight-forward. 

Claim 1. g(l) G G equals the holonomy of A around x, with base point pq. 

Claim 2. There exists a constant C depending only on the Riemannian 
manifold {X,gx) and on the compact subset K C X, such that 

d{l,gil))<Ci{xf\\FA\\L^^x)- 
Proof of Claim 2. It follows from (55) that 

(56) d(l,5(l)) < [ \'^{l,t)\dt< [ [ \ds^{s,t)\dsdt. 

Jo Jo Jo 

Furthermore, by the definition of and the last equality in (54) we have 
P*Fa = d{p*A) + (1/2) [pM A p*A] = ds^ds Adt + 0, 

and hence 

(57) \ds^<\dsu\\dtu\{\FA\ou). 
Furthermore, by the definition of u and (53) we have 

(58) \dsu\ = \v\<e{x)/2, 

(59) \dtu{s,t)\ = |dexp^„(st>(t)).s?)(t)| < Ci|t)(t)| < C2|i;(t)|. 

Here Ci and C2 are constants depending only on X, gx and K, and in 
the third step we used the fact that v(t) = dexp^^{v{t))) ^x{t). Inserting 
inequalities (58) and (59) into (57), we obtain 

\ds^\<{C2/2)£{x)\x\\\FA\\Looix)- 

Claim 2 follows by plugging this into (56). This completes the proof of 
Proposition 16. □ 
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